Abstract. We solve the Levi-flat Plateau problem in the following case. Let M ⊂ C n+1 , n ≥ 2, be a connected compact real-analytic codimension-two submanifold with only nondegenerate CR singularities. Suppose M is a diffeomorphic image via a real-analytic CR map of a real-analytic hypersurface in C n × R with only nondegenerate CR singularities. Then there exists a unique compact real-analytic Levi-flat hypersurface, nonsingular except possibly for self-intersections, with boundary M . We also study boundary regularity of CR automorphisms of domains in C n × R.
Introduction
Let M ⊂ C n+1 be a real codimension-two compact manifold. The Levi-flat Plateau problem asks:
Does there exist a Levi-flat hypersurface H with boundary M ?
A Levi-flat hypersurface is a real codimension-one submanifold that is locally foliated by complex hypersurfaces. If ρ = 0 is a defining equation for a smooth Levi-flat hypersurface H, then ρ satisfies a complex Monge-Ampère type differential equation, that is, a rank condition on the complex bordered Hessian: rank ρ ρ z ρz ρ zz = 2 for all points on H.
The complex Hessian restricted to the complex tangent space is called the Levi-form, and the equation says that the Levi-form of H vanishes identically. The problem is a minimal surface problem along the lines of the Harvey-Lawson [7] solution to the complex Plateau problem, which asks for a complex submanifold with a given boundary. Since a Levi-flat hypersurface is a one-dimensional family of complex hypersurfaces, the Levi-flat Plateau problem is essentially the Harvey-Lawson problem with a single real parameter. In C 2 , that is, when n = 1, the question is quite classical and has been studied by many authors in both the local and the global setting: Bishop [3] , Moser and Webster [14] , Bedford [1] , Huang and Krantz [8] , or Bedford and Gaveau [2] , among others.
In C n+1 when n ≥ 2, existence of H requires local necessary conditions on M at every CR point: M must be "flat" in at least one direction. The existence had been first tackled by Dolbeault-Tomassini-Zaitsev [4, 5] , and the flattening (that is, local existence of H near the CR singularity) has been studied more recently by Huang-Yin [9] and Fang-Huang [6] . In the flat case, the authors have studied extension of CR functions [11] [12] [13] . In this present paper, we study the regularity of an extended mapping.
In [12] the authors proved that if M is an image by a CR map of the boundary of a bounded domain Ω ⊂ C n × R, n ≥ 2, where Ω has connected real-analytic boundary with nondegenerate (A-nondegenerate, see below) CR singularities, then there exists a possibly singular Levi-flat hypersurface H with boundary M . The question of regularity of H was left open, however. In this paper we prove the regularity of this solution for real-analytic M . For n = 1, [11] provides existence in the elliptic case under a hypothesis replacing the CR condition. We prove regularity in this case if the image is flat.
Let us be more specific. (See §2 for detailed definitions.) First, all submanifolds are assumed to be embedded submanifolds unless otherwise noted. A real-analytic submanifold M ⊂ C n+1 of codimension two has a CR singularity at p ∈ M if M is not a complex submanifold near p but is tangent to a complex hyperplane at p. At a CR singularity p, the submanifold can be written in local coordinates (z, w) ∈ C n ×C vanishing at p as w = ρ(z,z), where ρ ∈ O( z 2 ). We write this equation as w = A(z,z) + B(z, z) + C(z, z) + E(z,z) = Q(z,z) + E(z,z),
where A is a sesquilinear form, B and C are bilinear, E ∈ O( z 3 ), and Q = A + B + C. There are two natural nondegeneracy conditions on the CR singularity. We could require Q to be nondegenerate, or we could require that A be nondegenerate. The second condition is more appropriate from the point of view of CR geometry since A carries the Levi-form information. We call these two nondegeneracies Q-nondegenerate and A-nondegenerate.
Note that for a codimension-two submanifold, isolated singularities are the generic condition. The forms A and C carry the local biholomorphic invariants, and in fact a holomorphic change of coordinates can make B = C. The CR singularity is said to be elliptic if, after a local change of coordinates, A is Hermitian positive definite, and the level sets of A + C + C are ellipsoids (C has small eigenvalues relative to A). An elliptic CR singularity is both Aand Q-nondegenerate.
We say M is holomorphically flat if there exist coordinates (z, w) ∈ C n × C in which ρ is real-valued. We mostly deal with holomorphically flat manifolds, and in fact much of the time we will restrict our attention to C n × R, where we use coordinates (z, s). In this setting, if Ω ⊂ C n × R is a domain with smooth boundary, a smooth function ϕ : Ω → C is CR if ϕ| Ω is CR. In this case ∂ϕ ∂z k = 0 for all k at all points of Ω, and hence at all points of Ω. We are now ready to state our first result. Theorem 1.1. Let Ω ⊂ C n × R, n ≥ 2, be a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities. Let Σ ⊂ ∂Ω be the set of CR singularities of ∂Ω. Let f : ∂Ω → C n+1 be a real-analytic embedding that is CR at CR points of ∂Ω and takes CR points of ∂Ω to CR points of f (∂Ω).
Then, there exists a real-analytic CR map F : Ω → C n+1 such that F | ∂Ω = f and F | Ω\Σ is an immersion. In other words, F (Ω) is the solution of the Levi-flat Plateau problem for f (∂Ω).
There are two issues with extending the theorem to n = 1. First, the CR condition is vacuous, and the extension F may not in fact exist at all. Simply take Ω ⊂ C × R to be the unit ball, and let f (z, s) = (z, s). Then no such F exists. Even if an extension exists, the geometry of the CR singular points does not force the derivative to be of full rank as in the case n ≥ 2. See Example 3.1.
The assumption that CR points go to CR points is necessary. If a CR point goes to a CR singular point, Example 3.3 shows that the image hypersurface may be singular. Note that, when a CR point goes to a CR singular point, the image point cannot be A-nondegenerate. See Proposition 2.5.
Next we use a theorem of Fang-Huang [6] : When n ≥ 2, a real-analytic CR singular submanifold of C n+1 with an A-nondegenerate CR singularity, except for one exceptional case, can be "flattened" locally if it is flat at the CR points. Using this flattening and the previous extension result of the authors [12] on the inverse, if we further assume that f (∂Ω) has only A-nondegenerate CR singularities as above, then F becomes an immersion on all of Ω, including the CR singularities. The extension theorem (Theorem 5.1) combining results of [12] and Fang-Huang [6] may be of independent interest.
We say a CR singular manifold M ⊂ C 3 is the exceptional case if M can be put into the form
This case is exceptional because this M has no elliptic direction, whereas all the other quadratically flat (where A is real-valued) have an elliptic direction (see [12] ).
, be a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities, and let f : ∂Ω → C n+1 be a real-analytic embedding that is CR at CR points of ∂Ω. Assume that f (∂Ω) has only A-nondegenerate CR singularities. Further assume that either n ≥ 3 or no CR singularity of f (∂Ω) is the exceptional case (in other words, every CR singularity has an elliptic direction).
Then, there exists a real-analytic CR map F : Ω → C n+1 such that F | ∂Ω = f and F is an immersion on Ω.
As we mentioned above, Proposition 2.5 implies that f cannot take a CR point to an A-nondegenerate CR singularity when n ≥ 2, so we do not need to assume that f takes CR points to CR points. Example 3.4 shows that the condition of A-nondegeneracy of the image is necessary. If the image f (∂Ω) has an A-degenerate CR singularity, it is possible for the derivative of F at a CR singular point to be rank-deficient. Not only that, Example 3.5 shows that the image F (Ω) need not be a real-analytic submanifold.
If, instead of applying a local flattening result such as the theorem of Fang-Huang, we assume that the image of the boundary lies in C n ×R (a global flattening), then we strengthen the conclusions of the preceding results. Furthermore, we obtain an interesting corollary on the boundary behavior of automorphisms of domains.
, be a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities, and let f : ∂Ω → C n × R be a real-analytic embedding that is CR at CR points of ∂Ω.
Then, there exists a real-analytic CR map
(a) If f takes CR points of ∂Ω to CR points of f (∂Ω), then F is one-to-one on Ω, and F | Ω\Σ is an embedding. Here Σ ⊂ ∂Ω is the set of CR singularities of ∂Ω. (b) If f (∂Ω) has only A-nondegenerate CR singularities, then F is one-to-one on Ω and is an embedding on all of Ω. Theorem 1.3 has the following corollary about automorphisms of bounded domains in C n × R. To state the result, we need to extend the notion of CR diffeomorphism to domains in C n × R with boundary. For real-analytic boundaries and maps we make the following definition. Suppose Ω 1 , Ω 2 ⊂ C n × R are domains with real-analytic boundary. We say F : Ω 1 → Ω 2 is a real-analytic CR diffeomorphism if F is onto and if there exist neighborhoods U 1 , U 2 in C n × C such that Ω j ⊂ U j and a biholomorphic map G : U 1 → U 2 such that G| Ω 1 = F . One can make an equivalent (but more complicated) intrinsic definition that would extend to smooth manifolds if needed (see Proposition 2.4).
Corollary 1.4.
Let Ω ⊂ C n × R, n ≥ 2, be a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities. Let f : ∂Ω → ∂Ω be a real-analytic automorphism, in the sense that f is a diffeomorphism and is CR at CR points (considered as a map into C n × R). Then, there exists a real-analytic CR diffeomorphism
The regularity part of Theorem 1.3 still holds in the case n = 1 as long as we replace the condition of being CR with assuming an extension along each leaf, that is, the set where s is fixed in the (z, s) coordinates. We also need to assume the singularities are elliptic. In this setting, this assumption means that locally in the (z, s) coordinates the boundary can be expressed as
. We remark that in this case ∂Ω is automatically connected. Theorem 1.5. Let Ω ⊂ C × R be a bounded domain with real-analytic boundary such that ∂Ω has only elliptic CR singularities, and let Σ ⊂ ∂Ω be the set of CR singularities of ∂Ω. Let f : ∂Ω → C × R be a real-analytic embedding that takes CR points of ∂Ω to CR points of f (∂Ω). Suppose that for every c ∈ R such that Ω ∩ {s = c} is nonempty there exists a continuous map on Ω ∩ {s = c}, holomorphic on Ω ∩ {s = c}, extending f | ∂Ω∩{s=c} .
Then, there exists a one-to-one real-analytic CR map F : Ω → C × R such that F | ∂Ω = f and F | Ω\Σ is an embedding.
If furthermore f (∂Ω) has only elliptic CR singularities, then F is an embedding on Ω.
We also have the corresponding corollary for automorphisms. Corollary 1.6. Let Ω ⊂ C × R be a bounded domain with real-analytic boundary such that ∂Ω has only elliptic CR singularities. Let f : ∂Ω → ∂Ω be a real-analytic diffeomorphism. Suppose that for every c ∈ R such that Ω ∩ {s = c} is nonempty there exists a continuous map on Ω ∩ {s = c}, holomorphic on Ω ∩ {s = c}, extending f | ∂Ω∩{s=c} . Then, there exists a real-analytic CR diffeomorphism
Let us outline the organization of the paper. First, in §2 we provide detailed definitions and some basic results. In §3 we provide several examples to prove the necessity of the hypotheses in our theorems and to illustrate the issues encountered. In §4 and §5 we prove Theorem 1.1 and Corollary 1.2, respectively. Then in §6 and §7 we prove the results in the case of a globally flat target.
Preliminaries
Let us precisely define the terms used. First let us start with the CR structure. As noted earlier, we will generally deal with smooth real submanifolds in C n × R using coordinates (z, s), or in C n × C = C n+1 with coordinates (z, w). We consider C n × R naturally embedded in C n+1 . Let J denote the complex structure on the tangent bundle T C n+1 . Let M be a submanifold and T p M its tangent space at p ∈ M . Denote by
the complex tangent space (a real vector space). We also decompose the complexified T c p M into holomorphic and antiholomorphic vectors:
A submanifold is said to be CR at a point p if T p M is of complex dimension n or n − 1, and this dimension is called the CR dimension. Generically a real submanifold has CR dimension n − 1, and generically CR singularities are isolated. When the CR dimension is locally n, M is a complex manifold (the Newlander-Nirenberg theorem).
For 2n-dimensional submanifolds of the Euclidean Levi-flat C n × R, the CR structure is relatively easy to describe. The subsets of the form {(z, s) : s = s 0 } are called leaves of this Levi-flat. The dimension of T 0,1 p M is n if and only if M is tangent to a leaf at p. Let M ⊂ C n+1 be a 2n-dimensional submanifold that is not a complex manifold, and assume 0 ∈ M . The manifold M has a CR singularity at the origin if it is tangent to a complex hypersurface at the origin. After a rotation we may assume the coordinates are (z, w) ∈ C n × C and M is tangent to the complex hypersurface w = 0 at the origin. Then near the origin M is defined by
where A is a sesquilinear form and B and C are bilinear forms. It is not difficult to show that any biholomorphic change of coordinates preserving the form (7) transforms the matrix defining A by * -congruence and multiplication by constants. On the other hand, the form B can be changed arbitrarily via a biholomorphic change of coordinates. Therefore, if we are working up to a change of coordinates, it may be convenient to set C = B.
We are mostly interested in manifolds that are holomorphically flat, that is, ones that can be put into a form where ρ is real-valued via a biholomorphic map. A necessary (but not sufficient) condition for M being holomorphically flat is that after a change of variables A is a Hermitian form, that is, A(z,z) is real-valued. As we mentioned above, we can make the rest of the quadratic terms real-valued by making C = B.
We will say that the CR singularity is A-nondegenerate if A is nondegenerate, that is, the underlying matrix is nonsingular. Similarly, we will say that the CR singularity is Qnondegenerate if Q is nondegenerate as a real-bilinear form. From the point of view of several complex variables, it is most convenient to assume that A is nondegenerate, since it carries the Levi-form information of M for points near the origin.
A CR singularity is elliptic if after changing coordinates to make B = C, we can make A Hermitian positive definite by a rotation in the w coordinate, and for any s 0 the sets
are compact (empty, isolated points, or ellipsoids). By simultaneously diagonalizing A and B (possible if A is positive definite), at an elliptic CR singularity the manifold can be put into the form
We also need some preliminary results. Some of the following propositions do not require real-analyticity, so we state them for smooth (C ∞ ) manifolds and maps.
Proposition 2.1. Suppose M ⊂ C n × R is a 2n-dimensional real-analytic CR singular submanifold with a CR singularity at p ∈ M . The set Σ ⊂ M of CR singularities is a real-analytic subvariety, and (a) If M is Q-nondegenerate at p, then p is an isolated CR singularity. (b) If M is A-nondegenerate at p, then the germ (Σ, p) has real dimension at most n.
Proof. We work locally near p. Suppose p = 0 and as before write the manifold as
Parametrize M by z. The set of CR singularities is where the manifold is tangent to a leaf {s = s 0 }. That is, Σ is the set where ∇ρ = 0. In particular, it is a real-analytic set. In [12, Lemma 2.1], we found that ∇Q = 0 defines a real subspace of dimension at most n if A is nondegenerate. (Lemma 2.1 in [12] states n ≥ 2, but the proof holds for n = 1.) If Q is nondegenerate as a real bilinear form, then ∇Q = 0 only at the origin. As ρ = Q + E and E vanishes to higher order, the result follows, that is, the germ at 0 of the set defined by ∇ρ = 0 cannot be of larger dimension than the set defined by ∇Q = 0. A quick way to see this is to notice that ∇Q is linear, and the zero set of ∇ρ is a subset of the zero set where we consider only the components corresponding to nonzero eigenvalues of ∇Q.
Proposition 2.2.
If M ⊂ C m and M ⊂ C m are smooth CR submanifolds of the same CR dimension and f : M → M is a CR map that is a diffeomorphism onto M , then f is a CR diffeomorphism. In other words, the inverse is a CR map.
Proof. Because the map f is CR, it takes T
Let us show that a real-analytic CR function on the closure of a domain with real-analytic boundary in C n × R complexifies in the correct manner.
, be a domain with real-analytic boundary, and let F : Ω → C be real-analytic such that F | Ω is CR. Then there exist a domain U ⊂ C n × C with Ω ⊂ U and a holomorphic function G : U → C such that G| Ω = F .
As we mentioned in the introduction we will normally just say that F is CR, which is equivalent to F | Ω being CR.
Proof. As F is real-analytic up to the boundary, there exist a domain W ⊂ C n × R with Ω ⊂ W and a real-analytic function F : W → C such that F | Ω = F . Because F is realanalytic and CR on an open subset of W , it is CR on all of W . Therefore, the real-analytic F complexifies to a function G on a domain U as in the statement.
Let us show that an intrinsic definition of a real-analytic CR diffeomorphism of domains with boundaries in C n × R is equivalent to the one given in the introduction.
Proposition 2.4. Suppose Ω 1 , Ω 2 ⊂ C n × R are domains with real-analytic boundary. Let F : Ω 1 → Ω 2 be a bijective real-analytic map (up to the boundary) such that F −1 is realanalytic and F | Ω 1 is CR.
Then, there exist neighborhoods U 1 , U 2 in C n × C such that Ω j ⊂ U j , and a biholomorphic map G :
Proof. First, Proposition 2.2 says that F −1 | Ω 2 is CR. We then apply Proposition 2.3 to both F and F −1 . That is, we complexify F to a neighborhood U 1 of Ω 1 in C n+1 and get
and get H :
Because
is a real hypersurface in U 1 , and H and G are analytic, we find H • G = Id on U 1 . The proposition follows by taking U 2 = G(U 1 ).
, is a smooth CR submanifold of real dimension 2n, and M ⊂ C n+1 is a smooth submanifold of real dimension 2n with an Anondegenerate CR singularity at p ∈ M .
Then there does not exist a germ at a point p ∈ M of a smooth CR map f :
, and f is a diffeomorphism onto its image.
The proposition does not hold for n = 1. See Example 3.2.
Proof. Recall that a smooth CR submanifold of C n × R of real dimension 2n either has CR dimension n − 1 or is a complex submanifold. If M is a complex manifold, f is holomorphic with a nonsingular derivative, and f (M ) is an immersed complex manifold. Hence, f (M ) is not a CR singular submanifold. Therefore, assume that the CR dimension of M is n − 1.
Suppose there exists such a map (as a germ at p). We may suppose that p = 0 and p = 0, and we write M as
where A is a nondegenerate sesquilinear form and B and C are bilinear forms. The CR vector fields at CR points of M are spanned by
Let (z, s) ∈ C n × R be the coordinates on the source. As M is CR, and not complex, g(z, s) = s as a function on M is a real-valued CR function with nonzero derivative. Let ϕ = g • f −1 . Then, ϕ is a real-valued CR function on M CR such that the derivative of ϕ does not vanish at the origin.
We write ϕ as a function of ξ andξ, since η is a function of ξ andξ. Then, for CR vector fields L on M CR , we have Lϕ = 0 andLϕ = Lφ = Lϕ = 0 on M CR . Write L = L j,k for some 1 ≤ j, k ≤ n. Then Lϕ andLϕ are functions of ξ andξ only, and looking at the linear terms in ξ andξ, we find
The subscripts on the forms denote derivatives, treating the forms as functions. As everything is in terms of ξ andξ, and these parametrize M , then the above identities are true for all (ξ,ξ). The function Aξ k is the kth row of A but with the th component multiplied by ξ . On the other hand, C ξ k depends only onξ. In the second equation, A ξ k involves the kth column of A and depends onξ, whereas B ξ k depends only on ξ. We complexify the Taylor polynomial, and assume ξ andξ are independent variables. As A is nondegenerate, its rows are independent, and hence using the first equation we get (0, 0) = 0. Consequently, the derivative of ϕ must vanish at (0, 0), which is a contradiction.
Next we prove the simple result that when a holomorphic map restricted to a real submanifold is a diffeomorphism onto its image, the map can only raise the CR dimension at a point. The proposition holds also for smooth CR maps on CR manifolds; however, the whole point is to apply it in a situation where M is CR singular at p.
where U is open and M and N are embedded real smooth submanifolds. Suppose
Proof. The map F is holomorphic, so it takes T 1,0
A corollary is the following counterpart of Proposition 2.5.
, is a real-analytic submanifold of dimension 2n with an A-nondegenerate CR singularity at p ∈ M , M ⊂ C n+1 is a smooth CR submanifold of dimension 2n that has CR dimension n − 1, and p ∈ M .
Then there does not exist a germ at p of a real-analytic map f : M → C n+1 such that f (p) = p, f is CR at CR points of M , f (M ) = M (as germs), and f is a diffeomorphism onto its image.
Proof. Suppose for a contradiction that f exists. Using the results of [12] we have that f extends to a holomorphic map on a neighborhood of p. The CR dimension of M at p is n, and the CR dimension of M at p is n − 1, contradicting the previous proposition.
The following result shows how we use the assumption that CR points go to CR points.
Proof. The derivative of a holomorphic map at p is determined by a linear map on a maximally totally-real subspace V ⊂ T p C n+1 . Because M is of codimension two in C n+1 and not complex, M is generic, that is, T p M + JT p M = T p C n+1 . Therefore, there exists such a maximally totally-real V ⊂ T p M . As G| M ∩U is an immersion at p, its derivative is nonsingular on
Examples
Let us discuss some examples to see why the conditions in the theorems are necessary. In all of the following examples, as in the above results, M ⊂ C n × R will be the source manifold in coordinates (z, s), either CR singular or not, f : M → C n+1 will be a restriction of a holomorphic map F (a map depending on z, s, but notz), and f will be a diffeomorphism onto its image f (M ). When we talk about a domain Ω ⊂ C n × R then M = ∂Ω. First, in the case n = 1, in contrast to the higher-dimensional case, the local geometry near an A-nondegenerate CR singular point does not force F to be an immersion.
and take F (z, s) = (z, zs + s 2 ). Then the origin is an elliptic CR singularity, and the map F restricted to M is a diffeomorphism, but F is a finite map, not an immersion. The map F (z, s) = (z, zs) has the same properties except it is not even finite.
An interesting question is whether a global example as above exists. That is, do there exist a bounded domain with real analytic boundary Ω ⊂ C × R, where ∂Ω has only elliptic CR singularities, and a CR map F : Ω → C 2 , such that F | ∂Ω is a diffeomorphism onto its image, but such that F is not an immersion?
A further complication is that if n = 1, then the image of a CR submanifold can be a nondegenerate (A-and Q-nondegenerate in our sense and in the Bishop sense) CR singular submanifold. 
The image f (M ) under (z, s)
which is an elliptic CR singular Bishop surface, A-and Q-nondegenerate in our sense.
In fact, any function on a totally-real CR submanifold is trivially CR, so any codimensiontwo submanifold of C 2 is locally an image of a totally-real submanifold via a CR embedding.
Proposition 2.5 says there is no example as above for n ≥ 2 and an A-nondegenerate image. However, if we do not assume A-nondegeneracy, it is possible for a CR point to go to a CR singular point even when n ≥ 2.
The CR vector field is
Let (z, w) be the coordinates of C 2 × C and think of s as the real part of w = s + it to make M a codimension 2 submanifold of C 3 . The Levi-form of M (in C
and X * LX = 1 for the CR vector field above. Therefore, the manifold M is not Levi-flat (the Levi-form is nonzero), and the Levi-flat hypersurface {t = 0} that M lies in is the unique such hypersurface at each point. The manifold therefore has a real codimension-one foliation by the CR orbits.
The image
or equivalently
which is a CR singular surface. The map is a diffeomorphism from M onto f (M ): if we parametrize M by z and f (M ) by ξ, f is the identity. The CR dimension of f (M ) outside of the CR singularity is 1, the same as M . As the map is CR and a diffeomorphism, and the CR dimensions are the same, by Proposition 2.2 the map is a CR diffeomorphism when restricted to the preimage of CR points of f (M ). Since M is not Levi-flat, f (M ) is not Levi-flat at CR points, and the Levi-flat hypersurface {σ 3 = τ 2 } is the unique Levi-flat hypersurface that contains f (M ).
Proposition 2.5 says that the image f (M ) is an A-degenerate CR singular manifold. Therefore: 1) The image of a CR point can be CR singular, although not A-nondegenerate.
2) The Levi-flat hypersurface containing f (M ) at such a point can be singular.
Let us therefore move to a CR singular manifold and look at its image. Even if the source is an A-or Q-nondegenerate CR singular manifold, the image may in fact be degenerate in both senses.
which is degenerate in every sense.
The extended mapping F of the above example is not an immersion at the CR singularity; however, the image f (M ) still lies in the nonsingular Levi-flat hypersurface given by Im σ = 0. It is possible to construct an example where f (M ) does not lie in any nonsingular Levi-flat. In the next example we define a CR singular manifold M with an elliptic CR singularity at the origin and a real-analytic embedding f that is CR at CR points such that f maps the origin to the origin and the image f (M ) does not lie in a nonsingular Levi-flat realanalytic hypersurface in any neighborhood of the origin. The image f (M ) has an A-and Q-degenerate CR singularity.
Example 3.5. Take the CR singular elliptic manifold M in C n × R, n ≥ 1, defined by
The image f (M ) under (z, s) 
which is A-and Q-degenerate. The singular Levi-flat hypersurface {σ 3 = τ 2 } is the unique Levi-flat that contains f (M ), and it is singular at the origin. The hypersurface on one side of f (M ) is a C 1 manifold with boundary at the origin, namely τ = σ 3/2 (for σ ≥ 0), but it is not a C 2 submanifold. See Figure 1 . The submanifold f (M ) is also an example of the necessity of nondegeneracy in a flattening result such as the theorem of Fang-Huang.
Next let us focus on the injectivity of the extension F . A map from Ω ⊂ C n × R, n ≥ 1, may not be one-to-one even if the map is a diffeomorphism on the boundary and the image lies in C n × R, if we allow the image to have further CR singularities.
Example 3.6. Let Ω ⊂ C n × R, n ≥ 1, be the slightly shifted unit ball
for some small > 0. Take f : ∂Ω → C n × R defined by (z, s) → (z, s 2 ). The image in C n × R with coordinates (ξ, σ) is the manifold given by
The map f is a diffeomorphism, and the two points where ξ = 0 and 4
are elliptic CR singularities of f (∂Ω). However, all the points where σ = 0 and ξ 2 = 1 − 2 are also CR singularities of f (∂Ω). The extended map F : Ω → C n × R is not one-to-one, and the boundary of F (Ω) is not the image f (∂Ω). See Figure 2 . If the image does not necessarily lie in C n × R, then injectivity may fail inside Ω even if the image f (∂Ω) = F (∂Ω) has only elliptic singularities.
Example 3.7.
Let Ω ⊂ C n × R, n ≥ 1, be the slightly shifted unit ball
for some small > 0. There exists a CR map F : Ω → C n+1 such that the boundary ∂Ω goes to a CR singular compact manifold diffeomorphically, F (∂Ω) has only elliptic CR singularities, F takes CR points of ∂Ω to CR points of F (∂Ω), F extends past the boundary near all points, yet F is not one-to-one on Ω.
We define
Let (ξ, σ + iτ ) ∈ C n × C be the coordinates. The image in the στ -plane is a self intersecting curve for s = ± given by τ 2 = σ 2 (1 − σ). Note that F (∂Ω) does not intersect itself. However, F (Ω) does intersect itself when s = ± 1 2 , so F (Ω) is singular. See Figure 3 . Finally, we wish to note that not every M ⊂ C n+1 that is locally a boundary of a Levi-flat hypersurface is, globally, a boundary of a nonsingular Levi-flat hypersurface with boundary. In fact, not every singular Levi-flat hypersurface is an image of a domain in C n × R.
Example 3.8. A Levi-flat singular hypersurface with smooth real-analytic boundary and isolated CR singular points need not be an image of a domain with boundary in C n × R. Let (ξ, η) be the coordinates on C 2 . Fix a small > 0. Define H ⊂ C 2 by
This hypersurface has an isolated singularity at the origin. The boundary ∂H (by which we mean the set where the inequality in (32) is an equality) is a real submanifold with isolated CR singularities (this is the reason for the ), at
Through the origin, H contains two "leaves," one given by ξ − iη = 0, and one given by ξ + iη = 0. However, H is not an image of a domain in C × R: Suppose it is, that is, suppose there exists an open set U ⊂ C × R and a real-analytic mapping F : U → H that is holomorphic in the first variable and such that F (0, 0) = (0, 0), and such that the image W ∩ H ⊂ F (U ) for some neighborhood W of 0. Write
For each fixed s, the map z → F 1 (z, s) 2 + F 2 (z, s) 2 must be constant, so each leaf of C × R is mapped to a leaf of H. Suppose without loss of generality that z → F (z, 0) is not constantly zero and maps to the leaf ξ − iη = 0. Then z → F (z, s) is not constant for all small enough s. For small enough nonzero s, we may also assume that z → F (z, s) does not map into either one of the two leaves of H through zero. Consider z is in some small fixed disc ∆ around the origin. Then z → F 1 (z, s) + iF 2 (z, s) has no zero in ∆ for small nonzero s since the leaf given by ξ + iη = 0 only intersects the leaf given by ξ − iη = 0. Via Hurwitz, this means that either F 1 (z, 0) + iF 2 (z, 0) ≡ 0, or F 1 (z, 0) + iF 2 (z, 0) is never zero in ∆. But as the two leaves ξ + iη = 0 and ξ − iη = 0 intersect at the origin, F 1 (z, 0) + iF 2 (z, 0) has an isolated zero, a contradiction.
Regularity away from CR singularities
In this section we will prove Theorem 1.1. For simplicity we will sometimes use the following notation. If X ⊂ C n × R, then for any fixed s ∈ R we define
and we informally refer to X (s) as the s-leaf of X. Note that as defined X (s) is a subset of C n . When it is necessary to refer to the space C n × R, we will say that a point z ∈ X (s) corresponds to the point (z, s) ∈ C n × R.
Lemma 4.1. Let Ω ⊂ C n × R, n ≥ 2, be a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities, and let f : ∂Ω → C n+1 be a real-analytic embedding that is CR at CR points of ∂Ω. Then a real-analytic CR extension F of f to Ω exists; in fact, there exist an open set Υ ⊂ C n+1 such that Ω ⊂ Υ and a holomorphic map G : Υ → C n+1 such that G| ∂Ω = f .
Proposition 4.2.
Let Ω ⊂ C n × R, n ≥ 1, be a bounded domain with real-analytic boundary, and let Σ ⊂ ∂Ω be the set of CR singularities. Let (z, s) ∈ C n × R be the coordinates, and let π R : C n × R → R be the projection to the s coordinate. Then π R (Σ) is a finite set.
Proof. The set Σ is a real-analytic subvariety. It is precisely the set where ∂Ω is tangent to a leaf of C n × R, that is, a set {(z, s) : s = s 0 }. If p and q are two points on a connected component of Σ, then there exists a piecewise-smooth path γ : [0, 1] → Σ such that γ(0) = p and γ(1) = q. Near a CR singularity, ∂Ω is a graph s = ρ(z,z). Parametrize ∂Ω locally by z and suppose γ is a function valued in the z-space. Then s on the path is given by ρ • γ; but ∇ρ = 0 at CR singularities, so s is constant on γ. Now use the fact that a compact real-analytic subvariety has finitely many topological components.
Lemma 4.3.
Let Ω ⊂ C n × R, n ≥ 2, be a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities, and let f : ∂Ω → C n+1 be a real-analytic embedding that is CR at CR points of ∂Ω.
If in addition f takes CR points of ∂Ω to CR points of f (∂Ω), then the extension F from Lemma 4.1 is an immersion on Ω \ Σ. Here Σ ⊂ ∂Ω is the set of CR singularities of ∂Ω.
Proof. We use the notation of Lemma 4.1. By Proposition 2.8, the map G is an immersion at the CR points of ∂Ω, and the same is true of F . Suppose for a contradiction that F is not an immersion in Ω. Let B ⊂ Υ be the set where det DG = 0, which is a complex subvariety of dimension n. Then there exists s 0 such that Ω∩B (s 0 ) is nonempty. Since F is an immersion at CR points of ∂Ω, B ∩ ∂Ω \ Σ is empty. As B is a complex variety of dimension n, either Ω ∩ B Therefore the dimension of Σ is at least 2n − 1. However, by Proposition 2.1 the dimension of Σ is at most n. This gives a contradiction since n ≥ 2 implies 2n − 1 > n. Theorem 1.1 now follows from the two lemmas.
Regularity at flattenable CR singularities
Let us prove Corollary 1.2. Suppose that Ω and f are as in the statement of the corollary. We will use Theorem 1.1 to find an extension F , and then use the result of Fang-Huang [6] to flatten the CR singularities and apply the authors' previous extension result in [12] to find an extension of the inverse of f . In particular the main point is the following extension lemma, which follows from combining Fang-Huang [6] and [12] . Recall that a real-analytic CR submanifold is non-minimal at q if it contains through q a proper CR submanifold of the same CR dimension.
Theorem 5.1. Suppose M ⊂ C n+1 , n ≥ 2, is a real-analytic codimension-two submanifold that is CR singular at p ∈ M , with the CR singularity A-nondegenerate and not the exceptional case (of the form (3)). Assume that M is non-minimal at all CR points. Let ϕ : M → C be a real-analytic function that is CR at the CR points of M . Then there exists a holomorphic function Φ defined in a neighborhood U of p in C n+1 such that Φ| U ∩M = ϕ| U ∩M .
Proof. Fang-Huang [6] prove that such an M can be holomorphically flattened near p, that is, realized as a subset of C n × R. Then the authors' result from [12] , which is stated in C n × R, obtains the holomorphic extension Φ.
Proof of Corollary 1.2. Since f (∂Ω) has only A-nondegenerate singularities, Proposition 2.5 says that f must take CR points of ∂Ω to CR points of f (∂Ω). On the other hand, by Corollary 2.7, CR singular points go to CR singular points. We apply Theorem 1.1 to obtain an extension F that is an immersion on Ω \ Σ. What is left to prove is that its derivative at each CR singularity is nonsingular.
Given a CR point q = f (q) ∈ f (∂Ω), we have that q is a CR point of ∂Ω. At q, F is an immersion, and therefore the image F (U ) of a small neighborhood U of q in C n × R is a nonsingular Levi-flat hypersurface in C n+1 . Hence f (∂Ω) is non-minimal at q. In other words, f (∂Ω) is non-minimal at all CR points.
Fix p ∈ Σ. The point p = f (p) is a CR singularity of f (∂Ω), assumed to be Anondegenerate and not the exceptional case. Furthermore, f (∂Ω) is non-minimal at all CR points, so Theorem 5.1 applies.
Let ϕ be the inverse of f from f (∂Ω), that is, f • ϕ = Id. By Proposition 2.2 and Corollary 2.7, ϕ is a CR map on the CR points of f (∂Ω). By Theorem 5.1, ϕ extends to a holomorphic map Φ on a neighborhood U ⊂ C n × C of p. As it is the unique extension, Φ is the inverse of F from U ∩ F (V ∩ Ω) for some neighborhood V of p. Since F • Φ = Id on U ∩ F (V ∩ Ω), the derivative of Φ, and therefore of F , must be nonsingular at p and p, respectively.
Flat case for CR dimension greater than 1
When the target is C n × R rather than C n+1 , we obtain more rigidity. Our goal here is to prove Theorem 1.3 and Corollary 1.4.
First we show that an extension must map into C n × R, and each leaf goes to a leaf. This result holds for n ≥ 1.
, is a bounded domain with real-analytic boundary, and F : Ω → C n+1 is a real-analytic CR map such that F (∂Ω) ⊂ C n × R. Then F (Ω) ⊂ C n × R, and if (z, s) ∈ C n × R are the coordinates, then the last component of F depends only on s.
Proof. We write F = (F 1 , F 2 ), where F 2 is the last component of F . Fix an s such that Ω (s) is nonempty. The set Ω (s) is bounded, and z → F 2 (z, s) is real-valued at the boundary ∂Ω (s) . Hence the holomorphic function z → F 2 (z, s) must be real-valued on Ω (s) , and as it is holomorphic, it must be constant. Thus, F 2 is real-valued on Ω and depends only on s.
To prove that an extension is one-to-one under certain conditions, we need the following lemma, which is surely classical, although we did not find a good reference.
n is holomorphic, Φ| ∂U is one-to-one, and the Jacobian determinant det DΦ is nonzero on ∂U . Then Φ| U is one-to-one, and in fact Φ is a biholomorphic map of a neighborhood of U . See Lemma 7.3 for the n = 1 version.
Proof. Since Φ is holomorphic in a neighborhood of U , we assume that ∂U = ∂U .
Let us reduce to the case of connected boundary. If the boundary is not connected, then we extend Φ through the holes using Hartogs' extension result. We then apply the lemma using Φ and the exterior boundary component of U .
The function Φ has an inverse locally near Φ(∂U ). Take a point q ∈ Φ(∂U ), and let p = Φ −1 (q). Near p, ∂U is the limit of points both in U and outside of U , and therefore near p, ∂U has topological dimension at least 2n − 1 (see e.g. [10, Theorem IV 4] ). Consequently Φ(∂U ) also has dimension at least 2n − 1 near q. Therefore, no nonconstant holomorphic function can vanish on Φ(∂U ) in a neighborhood of q. In particular, there is exactly one inverse of Φ near q that agrees with Φ −1 on Φ(∂U ). We therefore have a holomorphic mapping Ψ defined on a neighborhood of the connected set Φ(∂U ). By Hartogs' theorem we find that Ψ extends to the inside of the bounded hypersurface Φ(∂U ).
The Jacobian determinant of Φ never vanishes on U since it does not vanish on the boundary and the domain is bounded. Thus Φ is an open map, and hence the only points of U that go to the boundary of Φ(U ) must be points of ∂U . In particular, Φ does not map any point of U to the outside of Φ(∂U ). We have that Ψ • Φ is the identity near ∂U and hence everywhere in U , so Φ is a biholomorphism (in a possibly smaller neighborhood W ).
Another result for which we could not find a good reference (except as an exercise) is the following version of a well-known one-variable result.
n is open and Φ k : U → C n a sequence of holomorphic mappings that are one-to-one and converge uniformly on compact sets to Φ : U → C n . Then either Φ is one-to-one or det DΦ vanishes on some topological component of U .
Proof. As det DΦ is a single holomorphic function we apply Hurwitz to find that either it vanishes identically on some component of U or it vanishes nowhere. Suppose it vanishes nowhere. Suppose for a contradiction that Φ(p 1 ) = q, Φ(p 2 ) = q, and p 1 = p 2 . Each Φ k is a diffeomorphism and Φ is a local diffeomorphism and an open map. Take a small enough open ball B (q) (of radius > 0 around q) such that Φ −1 B (q) contains two disjoint diffeomorphic images of B (q), call them B 1 and B 2 , with p 1 ∈ B 1 and p 2 ∈ B 2 . For k large enough Φ k takes the boundary of B 1 close enough to the boundary of B (q) such that B /2 (q) ⊂ Φ k (B 1 ). Then Φ k (p 2 ) is more than /2 away from q, which is a contradiction.
We can now prove that an extension is one-to-one if it maps CR points of the boundary to CR points.
, is a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities. Suppose F : Ω → C n × R is a real-analytic CR map such that F | ∂Ω is a real-analytic embedding that takes CR points of ∂Ω to CR points of F (∂Ω). Then F is one-to-one on Ω.
Proof. Proposition 2.8 applies since F extends holomorphically to a neighborhood of Ω in C n+1 . Thus, F is an immersion at CR points of the boundary. As in the proof of Lemma 6.1, we write F = (F 1 , F 2 ) and find that F 2 is a real-valued function that depends on s only. Since F is an immersion at CR points of the boundary and F 2 depends on s only, F 1 restricted to a leaf has an invertible derivative at CR points of the boundary.
As in Proposition 4.2, let π R (Σ) ⊂ R be the set of s that correspond to the CR singularities. Then for any s / ∈ π R (Σ) such that Ω (s) is nonempty, we find ourselves in the situation of Lemma 6.2. Therefore, F 1 , and hence F , is one-to-one when restricted to a leaf s / ∈ π R (Σ). That is, if F (z, s) = F (z , s) then z = z . Now take an exceptional leaf, that is, assume that s 0 ∈ π R (Σ). By Proposition 4.2 there exists a sequence {s k } where s k → s 0 and the maps Φ k (z) = F 1 (z, s k ) are one-to-one. Take the largest open set U ⊂ Ω (s 0 ) such that Φ k (z) is defined for all k, that is, U = k Ω (s k ) . Apply Proposition 6.3 to find that either Φ(z) = F 1 (z, s 0 ) is one-to-one on U or det DΦ vanishes on some component of U . Taking all possible tails of the sequence, such U fill Ω (s 0 ) . So Φ(z) is one-to-one on Ω (s 0 ) or det DΦ vanishes on some component. If det DΦ vanishes on some component, then every point of ∂Ω (s 0 ) must correspond to CR singular points of ∂Ω. Then the dimension of the CR singular points is at least 2n − 1, but Proposition 2.1 says that the dimension of Σ is at most n. As n ≥ 2, then 2n − 1 > n obtains a contradiction. Therefore, Φ is one-to-one, or in other words, if
Assume for a contradiction that there exist (z, s 1 ) and (z , s 2 ) such that s 1 = s 2 but F (z, s 1 ) = F (z , s 2 ). By the mean value theorem applied to F 2 there exists s 0 between s 1 and s 2 such that F 2 (s 0 ) = 0. As F restricted to ∂Ω is a diffeomorphism, this means that the image of ∂Ω near every (z , s 0 ) ∈ ∂Ω must be tangent to a leaf, that is, F (z , s 0 ) is a CR singular point of F (∂Ω). This would imply that the CR singular points of F (∂Ω) have dimension at least 2n − 1. As CR points go to CR points, the CR singular points of F (∂Ω) must lie in F (Σ) (in fact the two sets are equal). By Proposition 2.1 the dimension of Σ (and hence of F (Σ)) is at most n, and therefore the dimension of the set of CR singular points of F (∂Ω) is also at most n. As n ≥ 2, then 2n − 1 > n obtains a contradiction.
We now show that the extension is an immersion at the CR singular points if the image has only A-nondegenerate CR singularities and n ≥ 2.
Lemma 6.5. Suppose Ω ⊂ C n × R, n ≥ 2, is a bounded domain with connected real-analytic boundary such that ∂Ω has only A-nondegenerate CR singularities. Suppose F : Ω → C n × R is a real-analytic CR map such that F | ∂Ω is a real-analytic embedding whose image has only A-nondegenerate CR singularities. Then F is an immersion at each CR singular point of ∂Ω.
Proof. The proof follows in the same way as Corollary 1.2, but here we already have a flat image, and F has an inverse.
By Proposition 2.5, F takes CR points to CR points, so we use Lemma 6.4. Therefore, F is one-to-one on Ω. The restriction of F −1 to F (∂Ω) is a real-analytic map that is CR at CR points since F | ∂Ω is an embedding and both Proposition 2.2 and Corollary 2.7 apply. Therefore, as before (using results of [12] ) F −1 | F (∂Ω) extends to a real-analytic CR map on F (Ω). As the extension is unique, it must equal F −1 on F (Ω). Now let p ∈ ∂Ω be a CR singular point. Then F −1 is differentiable at F (p), so the derivative of F at p is nonsingular. Theorem 1.3 follows from the preceding results: Let n ≥ 2, and let Ω ⊂ C n × R be a bounded domain with connected real-analytic boundary such that ∂Ω has only Anondegenerate CR singularities. Let f : ∂Ω → C n × R be a real-analytic embedding that is CR at CR points of ∂Ω. It follows from Lemma 4.1 that there exists a real-analytic CR map
To prove part (a) of the theorem, assume that f takes CR points of ∂Ω to CR points of f (∂Ω). By Theorem 1.1, F | Ω\Σ is an immersion. (Here Σ ⊂ ∂Ω is the set of CR singularities of ∂Ω.) By Lemma 6.4, F is one-to-one on Ω.
To prove part (b), assume that f (∂Ω) has only A-nondegenerate CR singularities. By Proposition 2.5, f takes CR points to CR points, so we apply (a) to get that F is one-to-one and that F | Ω\Σ is an immersion. By Lemma 6.5, F is an immersion on Σ as well.
Proof of Corollary 1.4. Since f (∂Ω) = ∂Ω, the image has only A-nondegenerate singularities. By part (b) of Theorem 1.3, the extension F is one-to-one and is an embedding on Ω. Now use Proposition 2.4.
Flat case in CR dimension 1
Let us now prove Theorem 1.5. In outline the argument is similar to that in the preceding section. First, though, we prove the existence of an extension and list some of the topological consequences of the ellipticity assumption.
Lemma 7.1. Let Ω ⊂ C × R be a bounded domain with real-analytic boundary such that ∂Ω has only elliptic CR singularities. Let f : ∂Ω → C × R be a real-analytic map. Suppose for every c ∈ R such that Ω∩{s = c} is nonempty, there exists a continuous map on Ω∩{s = c}, holomorphic on Ω ∩ {s = c}, extending f | ∂Ω∩{s=c} .
Then there exists a real-analytic CR map
Proof. Note that the condition on f is precisely what is required in the main result of [11] to obtain an extension F : Ω → C 2 that is real-analytic and CR. By Lemma 6.1, F maps into
One immediate consequence of the following result is that the boundary is connected.
Lemma 7.2.
Suppose Ω ⊂ C n × R, n ≥ 1, is a bounded domain with smooth boundary such that ∂Ω has only elliptic CR singularities.
Then ∂Ω is homeomorphic to a sphere, ∂Ω has exactly two CR singularities, corresponding to the minimum and the maximum value of s on ∂Ω, and for each s ∈ R, Ω (s) is either empty or a bounded domain with smooth connected boundary. In particular, if Ω (s) is nonempty, then no point in ∂Ω (s) corresponds to a CR singularity of ∂Ω.
Proof. See Proposition 3.2 in [11] .
The following classical result follows from the argument principle. Lemma 7.3. Suppose U ⊂ C is a bounded domain with smooth connected boundary, U ⊂ W for an open set W , Φ : W → C is holomorphic, and Φ| ∂U is one-to-one. Then Φ| U is oneto-one.
The hypothesis of connected boundary is necessary: Consider z → z + 1 z defined on an annulus U centered at zero with inner radius r < 1 and outer radius R > 1, where
Lemma 7.4. Suppose Ω ⊂ C × R is a bounded domain with real-analytic boundary such that ∂Ω has only elliptic CR singularities. Suppose F : Ω → C × R is a real-analytic CR map such that F | ∂Ω is a real-analytic embedding that takes CR points of ∂Ω to CR points of F (∂Ω). Then F is one-to-one on Ω.
Proof. The proof is similar to that of Lemma 6.4. We again write F = (F 1 , F 2 ) and find via Lemma 6.1 that the real-valued function F 2 depends on s only. Lemma 7.2 says that if Ω (s) is nonempty then Ω (s) has a smooth connected boundary and ∂Ω (s) has no points that correspond to CR singularities of ∂Ω. In particular, if Ω (s) is nonempty, we apply Lemma 7.3 and conclude that F 1 , and hence F , is one-to-one when restricted to a leaf. That is, if F (z, s) = F (z , s) then z = z .
Recall that ∂Ω has exactly two CR singularities and these correspond to the extremal values of s. Assume for a contradiction that there exist (z, s 1 ) and (z , s 2 ) such that s 1 = s 2 but F (z, s 1 ) = F (z , s 2 ). By the mean value theorem applied to F 2 there exists s 0 between s 1 and s 2 such that F 2 (s 0 ) = 0. As F restricted to ∂Ω is a diffeomorphism, this means that the image of ∂Ω near every (z , s 0 ) ∈ ∂Ω must be tangent to a leaf, that is, F (z , s 0 ) is a CR singular point of F (∂Ω). But as CR points go to CR points, the only CR singular points of F (∂Ω) can be the images of the two poles, which is a contradiction.
In Theorem 1.5 we assume that f is a real-analytic embedding that takes CR points of the boundary to CR points. By Lemma 7.4, the extension F obtained from Lemma 7.1 is oneto-one. Also, Proposition 2.8 implies that F is an immersion at CR points of the boundary. The fact that F is an immersion inside holds in more generality, so we state it separately. It requires only that Ω be a bounded domain with real-analytic boundary and that ∂Ω and F (∂Ω) have isolated CR singularities. (Proposition 2.1 implies that elliptic singularities are always isolated.) Lemma 7.5. Let Ω ⊂ C × R be a bounded domain with real-analytic boundary such that ∂Ω has isolated (hence finitely many) CR singularities. Suppose that F : Ω → C × R is a realanalytic CR map such that F | ∂Ω is a real-analytic embedding and F (∂Ω) has only isolated CR singularities. Then F | Ω is an immersion.
Proof. As before we write F = (F 1 , F 2 ) and find that the real-valued function F 2 depends on s only. By complexifying we consider F to be a map from a neighborhood of Ω in C 2 to C 2 that happens to map Ω to C × R. The complex Jacobian determinant of F is det DF = ∂F 1 ∂z ∂F 2 ∂s .
Let I = π R (Ω) (projection onto the s coordinate) be the interval consisting of those s that correspond to points in Ω. For each s ∈ I, the open set Ω (s) is nonempty, and hence its boundary has infinitely many points. Hence for every s ∈ I there exists at least one point (z, s) ∈ ∂Ω that is a CR point of ∂Ω and such that F (z, s) is a CR point of F (∂Ω). By Proposition 2.8, F is an immersion at such a point (z, s). Therefore, ∂F 2 ∂s = 0 for all s ∈ I (using the fact that F 2 does not depend on z). Suppose F is not an immersion at some point (z 0 , s 0 ) ∈ Ω. Then Note that the hypotheses are necessary: For the assumption of boundedness, consider the function F (z, s) = sinh(z), s , and let Ω = {(z, s) : Im z > 0}. Then F restricted to ∂Ω is a diffeomorphism onto its image, but det DF is zero whenever cosh(z) = 0.
For the assumption of isolated CR singularities, consider the function F (z, s) = z, (s − 1)
3 , and let Ω = {(z, s) : s 2 + (|z| 2 − 1) 3 < 1}. Then ∂Ω is a real-analytic submanifold with elliptic CR singularities at (0, ± √ 2). But ∂Ω has further CR singularities at all points where |z| = 1 and s = ±1. The function F restricted to ∂Ω is an embedding, and F is one-to-one on Ω, but F is not an immersion at all points where s = 1. Now we prove a version of Lemma 6.5 that holds for n = 1.
Lemma 7.6. Suppose that Ω ⊂ C × R is a bounded domain with real-analytic boundary such that ∂Ω has only elliptic CR singularities. Let F : Ω → C × R be a real-analytic CR map such that F | ∂Ω is a real-analytic embedding. Assume that F takes CR points of ∂Ω to CR points of F (∂Ω) and that F (∂Ω) has only elliptic CR singularities. Then F is an immersion at each CR singular point of ∂Ω.
Proof. By Lemma 7.4, F is one-to-one on Ω. The map F −1 is continuous on F (Ω), so F −1 | F (∂Ω) extends continuously along each leaf in F (Ω) to a holomorphic map. Because F (∂Ω) has only elliptic singularities, by the main result of [11] , F −1 | F (∂Ω) extends to a realanalytic CR map on F (Ω). As in the proof of Lemma 6.5, it follows that the derivative of F is nonsingular at each CR singular point. Theorem 1.5 follows easily from the preceding results.
Finally let us prove Corollary 1.6; in particular, let us prove the following lemma.
Lemma 7.7. Let Ω ⊂ C × R be a bounded domain with real-analytic boundary such that ∂Ω has only elliptic CR singularities. Let F : Ω → Ω be a real-analytic map such that F | ∂Ω is a diffeomorphism onto ∂Ω.
Then F takes the CR singularities of ∂Ω to themselves, possibly interchanging them (and hence F takes CR points to CR points).
Proof. By Lemma 7.2 we find that the s that correspond to CR singularities of ∂Ω are the extrema. Without loss of generality (moving s by an affine transform) suppose that Ω (s) is nonempty for s ∈ (−1, 1) and s = ±1 corresponds to the two CR singularities of ∂Ω. Also, without loss of generality (moving z by an affine transform) we assume that the CR singularities are at (0, ±1). Because (as above) F 2 depends on s only, at the CR singularities the derivative of F in the (z, s) variables (really the derivative of the complexification of F ) is 
The tangent space of ∂Ω at the CR singularities (0, ±1) is orthogonal to ∂ ∂s . Therefore, since F | ∂Ω is a diffeomorphism, the pushforward of this tangent space is the tangent space of F (∂Ω) at F (0, ±1). Hence this space must also be orthogonal to ∂ ∂s . In other words, F (0, ±1) is also one of the CR singular points (0, ±1).
We note that the proof of the lemma also works for n ≥ 2, although when n ≥ 2 we also have Proposition 2.5 and Corollary 2.7. Thus, in the higher-dimensional case the result is local, while a global argument must be made for n = 1.
The corollary now follows using arguments similar to those in the proof of Corollary 1.4.
